I Introduction
Gas microbubbles stabilised by a surfactant or polymer coating have now been in clinical use as contrast agents for ultrasound imaging for several decades 1 . They are widely used in echocardiography and, increasingly, for quantitative studies of tissue perfusion 2 . Despite their undoubted potential in these applications, obtaining reliable quantitative information still represents a considerable challenge in contrast imaging. It is the combination of a large effective scattering cross-section due to their compressibility and the non-linear response to ultrasound excitation that makes microbubbles such effective contrast agents. These properties, however, lead to significantly nonlinear propagation through regions of tissue containing microbubbles and both to image artefacts and difficulties in obtaining accurate quantitative information 3 .
Several innovative strategies have been proposed in recent years to remove artefacts under certain situations 4 . The majority of quantitative imaging algorithms, however, rely on empirically derived correction factors and assume that both backscatter and attenuation increase linearly with microbubble concentration 3 . There are similarly very few theoretical models describing the response of a contrast agent population that take into account nonlinear propagation and multiple bubble interactions. This is despite the fact 5 that a typical contrast agent suspension contains approximately 10 9 bubbles/ml giving rise to in vivo concentrations between 10 4 to 10 6 bubbles/ml (10 10 to 10 12 m −3 ) depending on the dilution of the bolus (assuming an average human blood pool volume of 5 litres 6 ).
Outside the contrast agent field, sound propagation through bubbly liquids has received considerably more attention. Theories of wave scattering in bubbly liquids have their origins in Lord Rayleigh's work in the 19th Century on light scattering 7 . Scattering of acoustic waves can also be traced back to work by Rayleigh 8 and Sewell 9 who investigated the propagation of sound through fog. These early theories focused on obtaining analytical solutions Ultrasound propagation through polydisperse microbubble suspensions, JASA, p. 4
to the relevant wave equations, whereas more recent research has been driven to a larger extent by tractable numerical computation. Classical scattering models require certain, quite severe, simplifying assumptions to be made in order to derive a closed-form solution. Aside from the fact that the scatterers must occupy a small volume fraction, the scatterers are typically assumed to behave linearly 10 , a situation that is rarely the case with the use of bubbles in medicine. Previous work has examined weakly-nonlinear approximations to wave propagation in polydisperse bubble suspensions, building on earlier studies 11, 12 , which reduce the governing equations to either the nonlinear Schrödinger equation or Landau-Ginzburg equation 13 . It has also been shown under certain conditions that the propagation of finite amplitude long waves through polydisperse bubble suspensions can be approximated by a propagation model for a monodisperse gas population with effective physical parameters 14 .
Some numerical simulations of shock propagation in polydisperse bubble suspensions have used an alternative approach of ensemble-averaged techniques to derive statistically-averaged conservation laws 15 .
Van Wijngaarden 16 was the first author to present a model that took into account fully nonlinear bubble oscillations by matching the pressure and momentum changes between the liquid and the bubble. His results were subsequently rigorously proved by Caflisch et al. 17 and a numerical scheme for solving the model, in the form derived by Commander and Prosperetti 18 , has been applied to microbubble contrast agent suspensions by various authors [19] [20] [21] . The model is valid for small gas-bubble volume fractions, neglects bubble interactions such as collisions, and assumes that the bubbles remain spherical at all times.
The numerical scheme involves solving an inhomogeneous wave equation for the pressure p(x, t) (varying in space x and time t) travelling through a liquid with wavespeed c 0 and density ρ 0 , where the forcing term models the average response of an effective medium composed of a population of n(R 0 ) bubbles with initial and current radii R 0 and R = Ultrasound propagation through polydisperse microbubble suspensions, JASA, p. 5 R(t; R 0 , x) respectively, 1 c 2 0
This equation can be discretised in space j and time s, by space-and time-steps of length ∆x and ∆t respectively, for each bubble of size R k out of a total of N discrete bubble sizes in the population, using an explicit finite difference scheme that is accurate to second-order:
where
.. R k (t) are the local kth bubble size's radial velocity and acceleration respectively.
Computational complexity arises when modelling a polydisperse bubble population. In equation (2) , the bubble response for each equilibrium bubble size R k must be computed to form the sum. For large values of N this becomes highly computationally intensive and hence cannot be easily implemented in real time for the purposes of analyzing clinical ultrasound data. An approach that significantly reduces the computational effort has been proposed by Hibbs et al. 22 whereby only one bubble size R k is calculated at each spatial location in the mesh. The size of this bubble is chosen randomly according to a probability distribution defined by the discrete size distribution n(R k ) and fixed at the start of the simulation. In this way it is possible to reduce the complexity of the problem at each point in space and time by a factor of N , and thus equation (2) is simplified to
where n tot = N k=1 n(R k ) is the total concentration of bubbles. The aim of this study is to investigate the accuracy and range of validity of this approximation, which shall be defined in this paper as the "homogeneous layer" (HL) approximation. If it can be shown that this yields valid results in certain parameter regimes then it could greatly simplify the computational complexity, leading to improvements in modelling and eventually, quantitative imaging applications.
II Equation of motion for microbubble dynamics
In order to solve any of the equations (1) - (3) a further equation describing the radial oscillations of a microbubble is required. There are several models describing the response of coated microbubbles to ultrasound excitation available in the literature, similar in form to the equation derived by Rayleigh, Plesset, Noltingk, Neppiras and Poritsky 23, 24 . For the purposes of this study the following form 25,26 is adopted: (4) where the microbubble coating is represented by a surface tension, σ(Γ), which depends on the surface concentration of surfactant Γ, as well as a shell viscosity, κ s . The density and viscosity of the surrounding liquid are ρ 0 and µ 0 respectively. The ambient and vapour pressures are p 0 and p v , and γ is the polytropic exponent defining the dynamic behaviour of the gas inside the bubble.
III Linear Theory

A Preliminaries
To compare the HL approximation in (3) to the fully polydisperse model, it is helpful to initially consider an analytical solution to the coupled equations (3) and (4) by assuming a time-harmonic incident wave of angular frequency ω. Equation (3) can be considered to be equivalent to approximating the effective medium as a series of "layers" of monodisperse bubbles. As a result, the HL approximation resembles propagation of a wave through layered media 27, 28 where much work has been done in both quantum mechanics, optics and geophysics. More specifically, periodic-layered media has been studied extensively and this framework is adopted initially to analyse the HL approximation proposed above.
The simplest illustrative model of the HL approximation is to consider a bidisperse distribution of bubbles which is modelled as a periodic series of layers of equal width d, with each layer containing a single bubble size. The bubbles are assumed to exhibit small oscillations about their equilibrium size so that a linear approximation of (4) can be taken.
The surface tension is also assumed to remain constant during the oscillations, so that σ(Γ) = σ 0 . Let us suppose that the medium consists of N + 1 layers of one bubble type (labelled 1) interspersed with layers of the second bubble type (labelled 2). The pressure pulse in the nth layer of bubbles of type 1 can be expressed in the following manner:
which is valid in the region 2nd
The wavenumber k j in each layer (j = 1, 2) is dependent on the equilibrium bubble size R j of that individual layer, via the relation 10,18
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Here, ω j is the bubble's natural frequency and δ j is the damping coefficient when approximating the bubble as a linear oscillator. Note that the difference in sign chosen for the e ±iωt term here compared to Commander & Prosperetti 18 is taken into account.
By matching the pressure and axial velocity at each layer interface, an expression for the transmission coefficient can be derived in terms of the complex Bloch phase, γ, as follows 27, 29 :
and Z i = ρ 0 ω/k i is the layer impedance. The form of expression (7) alludes to the emergence of permitted bands of the frequency spectrum that are transmitted almost perfectly as the number of layers increases, separated by gaps over which transmission is almost non-existent.
However, in the case of bubble layers, γ is not real as the wavenumbers k j are complex.
The key parameter guiding the transmissive properties of the layered medium is the ratio of wavelength λ to layer thickness d, with very large λ/d leading to an "effective medium approximation" (high frequency approx) and λ/d small leading to a different "time-averaged" low-frequency approximation. Hovem 30 used an eigenvalue analysis to determine the critical λ/d separating these two regimes and Stovas and Arntsen 31 showed that a transition region occurs between the two regimes, the extent of which depends on the difference in layer impedances.
While our bubble-layer model is not completely analogous to the models of layered media in seismic or quantum theory, it remains important to heed the observations above.
For sufficiently low pressure amplitudes and/or bubble concentrations a population of polydisperse bubbles is expected to behave as an effective medium 18 , with the wavenumber k eff given by
For our bidisperse case, this means that k
The HL approach in the linear regime should therefore be expected to approximate well the transmission coefficient of the effective medium, given by
Hibbs et al. 22 used ten points per wavelength in their finite-difference scheme for the HL approach. However, they did not vary the bubble type used at every grid point, which
would yield λ/d = 10, but kept the same bubble size for several grid points in order that the layer thickness equalled the mean microbubble separation distance,
tot , where n tot is the total bubble concentration. Table I shows the ratios λ/d thus obtained for typical microbubble concentrations and incident ultrasound frequencies. Note that the λ/d ratios 
B Layered medium results
The periodic-layered theory is now applied to linear theory for ultrasound propagation through a microbubble cloud made up of bubbles of two distinct equilibrium radii, R 1 and 
The main features of Fig. 1 are that the layer impedance tends to vary greatly around the resonant bubble size (about 1.2µm radius at 4MHz, 2µm radius at 2MHz and 3.7µm radius at 1MHz), and the layer impedance remains markedly different from the ambient impedance for bubbles the natural frequency of which is lower than the driving frequency.
Our first example is a bidisperse population of bubble radii R 1 = 1.8µm and R 2 , where Table I , if d were made equal to the mean bubble separation distance in this case, then
Resonant bubbles represent one important issue and, of course, a linear analysis cannot fully describe the relevant dynamics. Layers containing bubbles much larger than the resonant bubble size can also have a significant impact on transmission. Of course, the proposed HL approximation is based on a random selection of layers as opposed to a periodic layering as above. Indeed if, for the bidisperse populations of bubbles discussed above, random selection were used then adjacent cells would frequently be of the same type. This, in turn, would reduce λ/d by a factor of 2 or more pushing the layered medium towards a lower average λ/d ratio, possibly leading to a larger divergence from effective medium behaviour. For a polydisperse bubble population, such as that of the commercial agent SonoVue R , it is expected that divergence from the effective medium prediction could occur due to reflections at each layer interface. However, whether these Ultrasound propagation through polydisperse microbubble suspensions, JASA, p. 15 Figure 5 : SonoVue R -distribution of equilibrium bubble sizes obtained by Gorce et al. 5 .
errors would accumulate or cancel each other out is not clear. To test this idea, consider a layered medium of (N + 1) layers, with each layer having its own specific wavenumber k n and impedance Z n = ρ 0 ω/k n for n = 1, . . . , N + 1. The pressure field in the nth layer can be written in the form
As in the periodic case, the relationship between the transmission and reflection coefficients for adjacent layers is easily formulated and, from this, the transmission coefficient through N + 1 such layers |T N | may be obtained via solving the expression
Utilising this approach, we adopt a set-up originally presented by Hibbs et al. 22 wherein a size distribution from Gorce et al. 5 for SonoVue R is used at a concentration of 5.5 × 10 ratio is fixed and the transmitted coefficient is computed through 1 up to N layers using equations (13) and (12) On closer inspection of the bubble types chosen for each layer there is a reasonably strong correlation between the number of resonant layers in the HL medium and the transmitted amplitude (Fig. 6c) . One relatively straightforward way of therefore improving the HL approximation could be to take the expected number of layers of each bubble size from the distribution and allocate these layers in a random order; we describe this method of random selection as "selection without replacement" for the remainder of the paper. Fig.   6c , however, shows that, even across the runs containing the expected number of resonant bubble layers, a smaller but still significant variation in the predicted transmitted amplitude remains due to the layering alone.
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IV Nonlinear simulations
The linear theory employed above provides some useful insight into the effect of wavelengthto-layer-width ratio and the possible occurrence of shielding phenomena in applying the HL approach as an approximation to ultrasound propagation through a polydisperse bubble cloud. Moreover, the linear theory suggests that the original HL approach proposed by Hibbs et al. 22 (henceforth referred to as HLv1) could potentially be improved as an approximation to the fully polydisperse model, without additional computational effort, by (i) randomly selecting the bubble layers without replacement so that the number of layers of each bubble type/size equals the expected number (henceforth referred to as HLv2); and (ii) randomly selecting bubble layers without replacement, as in (i), but also selecting a different random bubble size at every grid point to maximize λ/d to equal the points per wavelength of the numerical calculation (henceforth referred to as HLv3). In the majority of medical applications, the population is sufficiently polydisperse and the pressure amplitude sufficiently high that there will always be some bubbles responding in a nonlinear manner. Therefore, we must now see if similar effects are observed in more clinically-relevant fully nonlinear cases that involve higher pressures amplitudes, resonant bubbles and varying surface tension. In this section, fully nonlinear computations are carried out using the wave equations (2) 
A Simulation parameters and numerical scheme
The parameter values used for the numerical simulations are as follows: p 0 = 100 kPa, between different bubbles, which contributes to a spread of resonance frequencies in practice, is also neglected. Consequently, the surface tension can be expressed as a function of radius,
given here by the previously adopted sigmoidal form
where σ 0 = 0.07 kgs to satisfy the Courant condition and thus ensure stability of the explicit scheme. However, as the speed of sound in a bubbly medium can be much higher than that of the unbubbly medium, numerical tests were carried out on propagation through polydisperse microbubble suspensions using the following range of timestep ratios: c 0 ∆t/∆x = 5/6, 2/3, 1/2 and 1/3. These tests confirmed that for SonoVue R , across all frequencies and concentrations of interest, the numerical scheme was stable and accurate spectra obtained, with noticeable differences in spectra appearing only in the highly attenuated third and higher harmonics.
The results from the numerical tests are in line with linear theory, where calculations of ω/k eff using (9) indicate that the sound speed of the medium containing a SonoVue R bubble population is unlikely to exceed 1.05 × c 0 for all concentrations and frequencies examined.
B Bidisperse bubble populations
Populations containing equal proportions of two bubble sizes were numerically investigated in order to determine if shielding also occurs in the nonlinear regime. The first case considered is a fully nonlinear version of the shielding case seen in Figure 7 shows the results of these computations for the three different amplitudes compared to the linear layered theory as well as to both linear and nonlinear effective media. The shielding behaviour predicted between 3.5 < λ/d < 4 seems to be replicated almost identically (bar a slight shift) in the nonlinear cases and a similar shielding for λ/d ≈ 1.8 is also replicated in the nonlinear case. We note that this agreement occurs in spite of the fact that the nonlinear incident wave is not time-harmonic and that the bubbles are now behaving fully nonlinearly with varying surface tension.
Moving on to our second presented case at a higher incident frequency, similar shielding phenomena and good agreement between linear theory and nonlinear computation still occur as shown in Fig. 8 . In this case, a six-cycle Gaussian-enveloped pulse of incident frequency 
C Polydisperse bubble populations
Our presented simulations now turn to the more realistic and clinically relevant situation of a commercial contrast agent containing a polydisperse bubble population. As in Sec. III.B,
we again adopt the size distribution of Gorce et al. 5 for SonoVue R that characterises the bubble size distribution into 37 distinct radii. A nonlinear propagation code was validated for different grid spacings and, as a result, a fully nonlinear polydisperse computation of equations (2) and (4), where all bubble sizes are computed at each grid point, using 70 points per wavelength was chosen as the "gold" standard benchmark to which all results obtained from the HL approximation are compared. In all cases, the incident wave is a six-cycle Gaussian-enveloped pulse, at ultrasound frequencies 1, 2, 4 and 7.5 MHz and with maxi- conclude that a single run using HLv3 is expected to provide greater accuracy than the other two strategies. We also note that the averages of the spectra obtained for the fundamental, subharmonic and second harmonic responses for the HL computations always lie very close to the response obtained from the fully polydisperse calculation. An additional remarkable observation that can be made is that the ensemble spread is significantly greater for 2MHz than for the higher frequencies, and thus the accuracy of the HL approximation (for all strategies) seems to be greatly improved as the incident frequency increases.
These observations, for the most part, appear well explained by linear theory. The superiority of HLv3 in approximating the fully polydisperse calculation is due to the fact that maximising the λ/d ratio leads to a better approximation of the effective medium result obtained by the fully polydisperse computation. The significant reduction in spread as the incident frequency increases is rather surprising at first sight, as it cannot be explained by the intrinsic nonlinear resonant properties of SonoVue R . However, linear theory can explain this phenomenon by the fact that the relative difference in the impedance of neighbouring layers, Ultrasound propagation through polydisperse microbubble suspensions, JASA, p. 26 calculated in Sec. III.B using (6) and shown in Fig. 1 , scales as the reciprocal of the cube of the frequency; thus the differences in layer impedance are significantly larger for 2 MHz than they are for the higher frequencies. Remarkably, linear theory appears able to predict quantitively how the spread of the nonlinear HLv3 ensembles varies with frequency to great accuracy. To demonstrate this, we first look at the attenuation of the fundamental peak and calculate an estimate of the standard deviation from the 40 values in the ensemble and then normalise this standard deviation using the magnitude of the mean attenuation from the fully polydisperse computation. We do this for the twenty nonlinear cases using HLv3 with different incident frequencies, amplitudes and SonoVue R concentrations and then plot the normalised standard deviations of the fundamental attenuation obtained from each ensemble on a graph. We also ran our linear code solving (12) for the Gorce et al. 
V Further analysis of the numerical results
A Validating the HL approximation
We now focus on the following important observations from the numerical results: (i) that the HL approximation appears optimal when λ/d is maximised and (ii) that the transmitted spectra obtained from running several HL computations at large λ/d form a distribution, the mean of which appears to be the result obtained from the fully polydisperse calculation.
Further analysis is now presented here to theoretically confirm these observations and clarify the relationship between the fully polydisperse and HL computational approaches.
Consider the fully polydisperse nonlinear one-dimensional wave equation (1) . We assume here an incident ultrasound pulse travels through a polydisperse cloud with discrete finite bubble sizes N , where bubbles of nondimensional radius R k , for k = 1, . . . , N occur at nondimensional concentrations n k bubbles per unit volume. By careful integration along each set of characteristics 35 before converting back into space and time variables, the following implicit integral form of the equation can be obtained for the pressure at a certain point in space and time, i.e. x = x 0 and t = t 0 :
Here, p inc (x − t) is the incident pressure pulse and
of size R k . For the HL approximation, its governing equation can be expressed in a similar way as follows:
Ultrasound propagation through polydisperse microbubble suspensions, JASA, p. 30 where n tot = N k=1 n k and E k (t ) is the union of all layers of nondimensional thickness d containing bubble size k within the range x 0 − (t 0 − t ) x x 0 + (t 0 − t ) . The disjoint sets E k (t ) for k = 1, . . . , N therefore form a partition of the interval over which the integration of x takes place at time t , i.e. ∪ N k=1 E k (t ) = (x 0 − (t 0 − t ), x 0 + (t 0 − t )) and
It is possible to interchange the bubble-size summation and integration in x in the fully polydisperse equation (15) and we propose that, as the layer thickness d tends to zero, equation (16) tends to the result of (15) if we can show at time t
To prove this, we initially assume that the interval width 2(t − t ) has approximately M layers of thickness d. (with remainder less than d). We assume that M k of those layers contain bubble size k. By selecting the bubble size k at random without replacement for each layer, we assert that
, and then expanding the integrand using a Taylor series yields
Given that n tot /n k = 2(
This expression clearly demonstrates that the HL approximation is an example of Monte Carlo integration 36 , where a random sampling of M k values within the domain of interest is used to determine the integral contribution from each bubble size k. By the law of large numbers and the mean value theorem, we can be certain that as d → 0, and consequently M k → ∞, the sample mean tends to its expected value. Thus
for each bubble size k and the proposed limit (17) over the sum of all bubble sizes is proven.
The transmitted wave from the fully polydisperse nonlinear wave equation and the transmitted wave obtained from the HL approximation will therefore coincide as the layer thickness tends to zero. Note that any other limit (e.g. t 0 → ∞) does not lead to such convergence.
However, as long as λ/d is large and well away from the transition region, any results obtained from the HL approach come from a distribution, the expected value of which is the result obtained from the full approximation; this theoretically confirms points (i) and (ii) observed in the numerical results above.
B Computational efficiency of the HL approximation
Given that HL calculations lead to a distribution of values, one final question tackled here is whether a trade off in accuracy exists between a single HL calculation performed on a very fine grid and an average of several HL calculations performed on a coarser grid. Table   II Firstly we can see from Table II Unfortunately, such a coarser averaging approach does not appear optimal when trying to accurately replicate the second harmonic response, which suggests fewer HLv3 runs averaged over a finer grid may achieve a more accurate result. Such an observation, however, makes intuitive sense as the second harmonic is a wave of higher frequency and therefore accurate resolution of these higher harmonics necessitates a finer grid than that required for the fundamental and subharmonic components.
VI Conclusions
Accurate quantification of tissue perfusion and other physiologically relevant measures requires accurate interpretation of the backscattered signal from microbubble populations. Despite the advent of supercomputing resources and the parallelisation of propagation codes, will also result in highly complex interactions between neighbouring bubbles that are likely to significantly alter the scattered field.
